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LMS/EPSRC Durham Symposium on Higher Structures in M-Theory
Roberto Zucchinia,∗
Holonomy invariants in strict higher gauge theory have
been studied in depth, aiming to applications to higher
Chern–Simons theory. For a flat 2–connection, the holon-
omy of surface knots of arbitrary genus has been defined
and its covariance properties under 1–gauge transforma-
tion and change of base data have been determined. Us-
ing quandle theory, a definition of trace over a crossed
module has been given that yields surface knot invariants
upon application to 2–holonomies.
1 Introduction
Knots are interesting in topology as well as in gauge the-
ory [1].
Ordinary knots are embeddings of S1 into a 3–dimen-
sional manifold, say S3 [2, 3]. Can one define higher di-
mensional knots generalizing this simple topological no-
tion? In just one dimension higher there are at least two
ways of doing that.
Since S1 is the lowest dimensional non trivial sphere,
one may define a 2–dimensional knot as an embedding
S2 into S4. This yields the so called 2–knots. Since S1 is
also the lowest dimensional non trivial closed oriented
manifold, one may define a 2–dimensional knot as an
embedding of Sℓ into S
4, where Sℓ is a genus ℓ closed
oriented surface. This leads to genus ℓ surface knots. Of
course, 2–knots are just genus 0 surface knots. However,
they have very special properties which make a separate
study meaningful. 2- and surface knots are objects of in-
tense investigation by topologists [4,5].
Wilson lines [6] are relevant in the analysis of confine-
ment in quantum chromodynamics, loop formulation
of quantum gravity, symmetry breaking in string theory,
condensedmatter theory and knot topology. As shown in
Witten’s seminal work [7], one can study knot topology in
Chern-Simons theory, an instance of gauge theory, rely-
ing on techniques of quantumfield theory.With any knot
ξ, one associates the Wilson line
WR (ξ)= trR
[
Pexp
(
−
∫
ξ
A
)]
. (1)
where R is a representation of the gauge groupG. Chern–
Simons correlators of Wilson line operators provide clas-
sic knot invariants.
Wilson surfaces [8, 9] may turn out to be relevant in
the study of nonperturbative aspects of higher gauge the-
ory, brane theory, quantumgravity andhigher knot topol-
ogy. Following Witten’s paradigm, one can presumably
study 2– or surface knot topology computing correlators
of knot Wilson surfaces in an appropriate higher version
of Chern–Simons theory, an instance of higher gauge the-
ory [10,11], using again techniques of quantum field the-
ory. To this end, one needs to associate with any surface
knotΞ a Wilson surface
W (Ξ)=? , (2)
whose expressions is at this point to be found. In this
communication, we shall present a proposal for a defini-
tion of the Wilson surfacesW (Ξ) in higher gauge theory
based mainly on our work [12,13].
The problem has two parts:
i) define surface knot holonomy;
ii) define higher invariant traces.
Parallel transport and holonomy are related but distin-
guished, holonomy being a special case of parallel trans-
port.
Earlier endeavours on higher parallel transport includes
the work of Caetano and Picken [14], Baez and Schreiber
[15,16] Schreiber andWaldorf [17–19], Faria Martins and
Picken [20, 21], Chatterjee, Lahiri and Sengupta [22–24]
∗ Corresponding author e-mail: roberto.zucchini@unibo.it
a DIFA, University of Bologna, and INFN, Bologna, Italy
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Soncini and Zucchini [25], Abbaspour and Wagemann
[26] andArias Abad and Schaetz [27,28]. Earlier results on
higher holonomy were obtained by Cattaneo and Rossi
[29] and Faria Martins and Picken [20,21].
Following [12, 13], we shall present a framework for
the construction of holonomy invariants of knots and
surface knots. In a nutshell, our strategy rests on de-
scribing knots by parametrized curves and surface knots
by parametrized surfaces. We outline it below, assuming
that the reader is familiar with the basic ideas of strict
higher gauge theory. In any case, those notion will be re-
viewed in greater detail in subsequent sections.
In a manifold M , a curve γ : p0 → p1 is a parame-
trized path joining two points. A homotopy h : γ0 ⇒ γ1
of two curves is a parametrized path joining those curves.
Curves can be composed by concatenation and inverted.
The resulting operationsmake curvesmodulo homotopy
a groupoid, the fundamental 1-groupoid (M ,P01M ) of
M .
In ordinary gauge theory with gauge Lie group G,
given a flat gauge field A one can construct a gauge co-
variant and homotopy invariant parallel transport func-
tor
FA : (M ,P
0
1M )→BG, (3)
γ→ FA(γ),
where BG is the delooping ofG, that isG seen as themor-
phism group of a one–object groupoid.
With a knot ξ based at p defined up to ambient iso-
topy one can associate a curve γξ : p → p defined up to
homotopy and with this the holonomy
FA(ξ)= FA(γξ). (4)
One can check FA(ξ) is base point and isotopy invariant
and gauge independent up to conjugation. Using invari-
ant traces, one can extract an invariant from the holon-
omy FA(ξ).
A ‘gentle’ generalization of the above construction for
surface knots is the following.
A curve γ : p0 → p1 is a parametrized path joining
two points. A surface Σ : γ0 ⇒ γ1 is a parametrized
path joining two curves in a manifold M . A thin ho-
motopy h : γ0 ⇒ γ1 of two curves is a parametrized
path joining those curves with degenerate (less than
two–dimensional) range A homotopy H : Σ0 ⇛ Σ1 of
two surfaces is a parametrized path joining those sur-
faces.Curves can be composed by concatenation and in-
verted. Surfaces can be composed by concatenation and
inverted in two distinct ways, usually called horizontal
and vertical. The resulting operations make curves mod-
ulo thin homotopy and surfaces modulo homotopy a 2–
groupoid, fundamental 2–groupoid (M ,P1M ,P
0
2M ).
In strict higher gauge theory with gauge Lie crossed
module (G,H), given a flat higher gauge field pair A,B
one can construct a gauge covariant and (thin) homo-
topy invariant parallel transport 2–functor
FA,B : (M ,P1M ,P
0
2M )→ B(G,H), (5)
γ→ FA(γ), Σ→ FA,B (Σ).
With a knot ξ based at p and a surface knot Ξ based
at a genus dependent fundamental polygon τ stemming
from cutting the image of Ξ along standard a and b cy-
cles, both defined up to ambient isotopy, one can asso-
ciate a curve γξ : p → p and a surface ΣΞ : ιp ⇒ τ up to
(thin) homotopy and from this the holonomy
FA(ξ)= FA(γξ), FA,B (Ξ)= FA,B (ΣΞ). (6)
One can check that FA(ξ) is base data and isotopy in-
variant and gauge independent up to the appropriate
formof crossedmodule conjugation.Using higher invari-
ant traces, one can extract invariants from the holonomy
FA(ξ) and FA,B (Ξ).
There are open issues to be solved. It can be shown
that surface knot holonomy necessarily lies in the ker-
nel of the target map H −→t G of the Lie crossed mod-
ule (G,H) and so is central. Thus, for many Lie crossed
module this holonomymay turn out to be trivial. The ex-
istence of non trivial higher traces on (G,H) is also to be
ascertained. This is an problem that can be formalized
using higher quandle theory (see Crans [30] and Crans
andWagemann [31]).
From a quantum field theoretic point of view, the
most delicate question remains obtaining surface knot
invariants from a 4–dimensional higher Chern–Simons
theory as proposed by Zucchini [32, 33] and Soncini and
Zucchini [34]. There are problems with the definition of
Wilson surface insertions in the quantum theory, which
we shall point out in due course.
2 Curves, surfaces and homotopy
Closed curves and surfaces describe knots and surface
knots in an ambient manifoldM .
Curves and surfaces are smoothly parametrized sub-
sets ofM . They can be composed and inverted in various
ways. In order to preserve smoothness, it is sufficient to
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require that their parametrization has sitting instants. A
smoothmap f : S×R→ T , where S and T are manifolds,
has sitting instants if
f (−,x)= f (−,0) for x < ǫ, (7)
f (−,x)= f (−,1) for x > 1−ǫ,
for some number ǫ such that 0< ǫ< 1/2. In what follows,
all maps will be tacitly assumed to have sitting instants
for each factorR of their domains.
Formally, curves and surfaces are defined as follows.
For any two points p0,p1 ∈M, a curve γ : p0→ p1 in M is
a map γ :R→M such that
γ(0)= p0, γ(1)= p1. (8)
For any two points p0,p1 ∈M and any two curves γ0,γ1 :
p0 → p1 of M, a surface Σ : γ0 ⇒ γ1 of M is a map Σ :
R
2→M such that
Σ(0, y)= p0, Σ(1, y)= p1, (9)
Σ(x,0)= γ0(x), Σ(x,1)= γ1(x)
Curve and surfaces can be combined through a set of nat-
ural operations based on the intuitive idea of concatena-
tion. We begin by introducing the basic operations with
curves.
For a point p, the unit curve of p is the curve ιp : p → p
defined by
ιp (x)= p. (10)
For a curve γ : p0 → p1, the inverse curve of γ is the curve
γ−1◦ : p1→ p0 given by
γ−1◦ (x)= γ(1−x). (11)
For two curves γ1 : p0→ p1, γ2 : p1→ p2, the composition
of γ1, γ2 is the curve γ2 ◦γ1 : p0→ p2 piecewise given by
γ2 ◦γ1(x)= γ1(2x) for x ≤ 1/2, (12)
γ2 ◦γ1(x)= γ2(2x−1) for x ≥ 1/2.
We introduce next the basic operations with surfaces.
These turn out to be of two types, called horizontal and
vertical.
For a curve γ : p0→ p1, the unit surface of γ is the surface
Iγ :γ⇒ γ defined by
Iγ(x, y)= γ(x). (13)
For a surface Σ : γ0 ⇒ γ1, the vertical inverse of Σ is the
surfaceΣ−1• : γ1⇒ γ0 defined by
Σ−1• (x, y)=Σ(x,1− y). (14)
For two surfaces Σ1 : γ0 ⇒ γ1, Σ2 : γ1 ⇒ γ2, the vertical
composition ofΣ1,Σ2 is the surfaceΣ2•Σ1 : γ0⇒ γ2 given
by
Σ2 •Σ1(x, y)=Σ1(x,2y) for y ≤ 1/2, (15)
Σ2 •Σ1(x, y)=Σ2(x,2y−1) for y ≥ 1/2.
For a surfaceΣ : γ0⇒γ1, the horizontal inverse of Σ is the
surfaceΣ−1◦ : γ0
−1◦ ⇒ γ1
−1◦ defined by
Σ−1◦ (x, y)=Σ(1−x, y). (16)
For two surfaces Σ1 : γ0⇒ γ1, Σ2 : γ2⇒ γ3, the horizontal
composition of Σ1, Σ2 is the surfaceΣ2 ◦Σ1 : γ2 ◦γ0⇒ γ3 ◦
γ1 given by
Σ2 ◦Σ1(x, y)=Σ1(2x, y) for x ≤ 1/2, (17)
Σ2 ◦Σ1(x, y)=Σ2(2x−1, y) for x ≥ 1/2.
Unfortunately, these operations are not nice enough;
associativity and invertibility fail to hold in general. The
operation are in fact nice only up to homotopy.
A homotopy h : γ0⇒γ1 of two curves γ0,γ1 : p0→ p1 of M
with the same end-points is a map h :R2→M of M such
that
h(0, y)= p0, h(1, y)= p1, (18)
h(x,0)= γ0(x), h(x,1)= γ1(x).
The homotopy is thin if in addition rankdh(x, y) < 2.
(Thin) homotopy of curves is an equivalence relation.
A homotopy H : Σ0 ⇛ Σ1 of two surfaces Σ0 : γ0 ⇒ γ1,
Σ1 : γ2 ⇒ γ3, where γ0,γ1,γ2,γ3 : p0 → p1 are four curves
with the same end-points, is a map H :R3→M such that
rankdH(x,0,z), rankdH(x,1,z)≤ 1 and
H(0, y,z)= p0, H(1, y,z)= p1, (19)
H(x, y,0)=Σ0(x, y), H(x, y,1)=Σ1(x, y).
The homotopy is thin if rankdH(x, y,z)< 3. (Thin) homo-
topy of surfaces is an equivalence relation.
Let us denote byΠ1M ,Π2M the sets of all curves and sur-
faces ofM , by P1M and P
0
1M the sets of thin homotopy
and homotopy classes of curves and P2M and P
0
2M the
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sets of thin homotopy and homotopy classes of surfaces,
respectively. The following results are basic.
(M ,P1M ) and (M ,P
0
1M ) with the operations induced by
those of Π1M are groupoids, the path and fundamental
groupoids of M.
(M ,P1M ,P2M ) and (M ,P1M ,P
0
2M ) with the operations
induced by those of Π1M and Π2M are 2–groupoids, the
path and fundamental 2–groupoids of M.
3 Higher parallel transport
In gauge theory, holonomy is a special case of parallel
transport. Therefore, it is necessary to examine in some
detail the definition and the properties of the latter. We
begin be reviewing parallel transport in ordinary gauge
theory and thenwe introduce and describe parallel trans-
port in higher gauge theory.
LetG be a Lie group with Lie algebra g and letM be a
manifold. Consider an ordinary gauge theory on the triv-
ial principalG–bundle M ×G.
A G–connection on M is a g–valued 1–form θ ∈Ω1(M ,g).
θ is flat if
dθ+
1
2
[θ,θ]= 0. (20)
Parallel transport requires aG–connection onM as input
datum.
For a curve γ of M, the parallel transport along γ is the
element Fθ(γ) ∈G defined by
Fθ(γ)=u(1), (21)
where u :R→G is the unique solution of the differential
problem
dxu(x)u(x)
−1
=−γ∗θx(x), u(0)= 1G . (22)
The first relevant property of parallel transport is its con-
sistency with the operations with curves defined in Sec-
tion 2.
For any point p and any curves γ,γ1,γ2, one has
Fθ(ιp )= 1G , (23)
Fθ(γ
−1◦ )= Fθ(γ)
−1, (24)
Fθ(γ2 ◦γ1)= Fθ(γ2)Fθ(γ1). (25)
whenever defined.
The second relevant property of parallel transport is its
compatibility with homotopy of curves as defined in Sec-
tion 2.
For any two thinly homotopic curves γ0, γ1, one has
Fθ(γ1)= Fθ(γ0). (26)
When θ is flat, (26) holds also when γ0, γ1 are homotopic.
Parallel transport has an elegant categorical interpreta-
tion.
Parallel transport yields a functor F¯θ : (M ,P1M ) → BG
from the path groupoid (M ,P1M ) of M into BG. For flat θ,
parallel transport yields a functor F¯ 0θ : (M ,P
0
1M )→ BG
from the fundamental groupoid (M ,P01M ) of M into BG.
Any meaningful gauge theoretic construction should
be gauge covariant in the appropriate sense. Parallel
transport has also this property.
A G–gauge transformation is just a G–valued mapping
g ∈Map(M ,G).
Gauge transformations act on connections in the well–
knownmanner.
The gauge transform of the G–connection θ is the G–
connection
gθ = Adg (θ)−dgg−1. (27)
If θ is flat, gθ is flat, too.
Parallel transport has simple covariance properties un-
der gauge transformation.
For any curve γ : p0→ p1 of M,
Fgθ(γ)= g (p1)Fθ(γ)g (p0)
−1. (28)
Gauge transformation of parallel transport also has an el-
egant categorical interpretation.
A gauge transformation g encodes a natural transforma-
tion F¯θ ⇒ F¯g θ of parallel transport functors. When θ is
flat, g encodes a natural transformation F¯ 0θ ⇒ F¯
0
g θ of
flat parallel transport functors.
An appropriate form of parallel transport can be de-
fined also in strict higher gauge theory. The intuitive idea
of the construction is still simple, though the technical
details are much more involved.
Let K be a strict Lie 2 group with strict Lie 2–algebra k
and let M be a manifold. Consider a higher gauge the-
ory on the trivial principal K–2–bundle M ×K . As it is
natural and convenient, we shall view the Lie 2–group
4
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K as a Lie crossed module H −→t G −→m Aut(H) and the
Lie 2–algebra k as the differential Lie crossed module
h−→t˙ g−→̂m der(h) corresponding to it.
A (G,H)–2–connection on M is a pair formed by a g–
valued 1–form θ ∈ Ω1(M ,g) and a h–valued 2–form Υ ∈
Ω2(M ,h) such that
dθ+
1
2
[θ,θ]− t˙(Υ)= 0. (29)
(vanishing fake curvature condition). (θ,Υ) is flat if
dΥ+m̂(θ,Υ)= 0. (30)
Analogously to the ordinary case, higher parallel trans-
port requires a (G,H) connection onM as input datum.
For a curve γ of M, the parallel transport Fθ(γ) ∈G is con-
structed as done earlier for the G–connection θ. For a sur-
face Σ of M, the parallel transport along Σ is the element
Fθ,Υ(Σ) ∈H defined by
Fθ,Υ(Σ)= E(0,1), (31)
where E : R2 → H is the unique solution of the two step
differential problem
∂xu(x, y)u(x, y)
−1
=−Σ∗θx(x, y), u(1, y)= 1G , (32)
∂yv(x, y)v(x, y)
−1
=−Σ∗θy (x, y), v(x,0)= 1G , (33)
∂x (∂yE(x, y)E(x, y)
−1)= (34)
=−m˙(v(1, y)−1u(x, y)−1)(Σ∗Υxy (x, y)) or
∂y (E(x, y)
−1∂xE(x, y))=
=−m˙(u(x,0)−1v(x, y)−1)(Σ∗Υxy (x, y)),
E(1, y)= E(x,0)= 1H
with u,v :R2→G.
The two forms of the differential problem for E are equiv-
alent: any solution of one is automatically a solution of
the other.
Higher parallel transport has several remarkable proper-
ties which extend those of the ordinary case. First, higher
parallel transport along surfaces is compatible with that
along their end-curves.
For a surface Σ : γ0 ⇒ γ1 joining the curve γ0 to the curve
γ1,
Fθ(γ1)= t (Fθ,Υ(Σ))Fθ(γ0). (35)
Second, higher parallel transport is consistent with the
operations with curves and surfaces defined in Section 2.
For any point p, any curves γ,γ1,γ2 and any surfaces
Σ,Σ1,Σ2, relations (23)–(25) and the further relations
Fθ,Υ(Iγ)= 1H , (36)
Fθ,Υ(Σ
−1•)= Fθ,Υ(Σ)
−1, (37)
Fθ,Υ(Σ2 •Σ1)= Fθ,Υ(Σ2)Fθ,Υ(Σ1), (38)
Fθ,Υ(Σ
−1◦)=m(Fθ(γ0)
−1)(Fθ,Υ(Σ)
−1), (39)
Fθ,Υ(Σ2 ◦Σ1)= Fθ,Υ(Σ2)m(Fθ(γ2))(Fθ,Υ(Σ1)), (40)
hold whenever defined, where in the last two identities Σ :
γ0⇒γ1 and Σ2 :γ2⇒ γ3.
Third, higher parallel transport is compatible with homo-
topy of curves and surfaces, as defined again in Section 2,
in the following sense.
For any two thinly homotopic curves γ0, γ1
Fθ(γ1)= Fθ(γ0). (41)
For any two thinly homotopic surfaces Σ0 : γ00⇒ γ01, Σ1 :
γ10⇒ γ11,
Fθ(γ10)= Fθ(γ00), (42)
Fθ(γ11)= Fθ(γ01), (43)
Fθ,Υ(Σ1)= Fθ,Υ(Σ0). (44)
The same relations hold if (θ,Υ) is flat and Σ0, Σ1 are ho-
motopic.
Higher parallel transport has an elegant 2–categorical in-
terpretation.
Higher parallel transport is equivalent to a strict 2–fun-
ctor F¯θ,Υ : (M ,P1M ,P2M ) → B(G,H) from the path 2–
groupoid (M ,P1M ,P2M ) of M into B(G,H). For a flat
(θ,Υ), higher parallel transport is likewise equivalent to
a strict 2–functor F¯ 0θ,Υ : (M ,P1M ,P
0
2M )→ B(G,H) from
the fundamental 2–groupoid (M ,P1M ,P
0
2M ) of M into
B(G,H).
Here, with an abuse of notation, B(G,H) stands for the
delooping of the strict Lie 2–group corresponding to the
Lie crossed module (G,H).
Analogously to ordinary gauge theory, higher paral-
lel transport is gauge covariant in the appropriate higher
sense.
A (G,H)–1–gauge transformation is a pair of a G–valued
map g ∈Map(M ,G) andanh–valued 1–form J ∈Ω1(M ,h).
1–gauge transformations act on 2 connections.
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The 1–gauge transform of the (G,H)–2–connection (θ,Υ)
is the 2–connection
g ,Jθ = Adg (θ)−dgg−1− t˙(J), (45)
g ,JΥ= m˙(g )(Υ)−dJ −
1
2
[J , J ]− (46)
−m̂(Adg (θ)−dgg−1− t˙ (J), J).
If (θ,Υ) is flat, (g ,Jθ, g ,JΥ) is flat, too.
There exits a notion of parallel transport for 1–gauge
transformations similarly to 2–connections.
For a curve γ of M, the gauge parallel transport along γ is
the element Gg ,J ;θ(γ) ∈H given by
Gg ,J ;θ(γ)=Λ(0), (47)
where Λ : R→ H is the unique solution of the two–step
differential problem
dxu(x)u(x)
−1
=−γ∗θx(x), u(1)= 1G , (48)
Λ(x)−1dxΛ(x)=−m˙(u(x)
−1γ∗g (x)−1)(γ∗Jx (x)), (49)
Λ(1)= 1H .
As ordinary parallel transport, gauge parallel transport
is consistent with the operations with curves defined in
Section 2.
For any point p and any curves γ,γ1,γ2, one has
Gg ,J ;θ(ιp )= 1H , (50)
Gg ,J ;θ(γ
−1◦ )=m(Fθ(γ)
−1)(Gg ,J ;θ(γ)
−1), (51)
Gg ,J ;θ(γ2 ◦γ1)=Gg ,J ;θ(γ2)m(Fθ(γ2))(Gg ,J ;θ(γ1)). (52)
whenever defined.
Again as ordinary parallel transport, gauge parallel trans-
port is compatible with homotopy of curves as defined in
Section 2.
For any two thinly homotopic curves γ0, γ1, one has
Gg ,J ;θ(γ1)=Gg ,J ;θ(γ0). (53)
The reasonwhywe introduced gauge parallel transport is
that it enters in the 1–gauge covariance relation of higher
parallel transport in a non trivial manner.
For any curve γ : p0→ p1, one has
Fg ,Jθ(γ)= g (p1)t (Gg ,J ;θ(γ))Fθ(γ)g (p0)
−1. (54)
For any two curves γ0,γ1 : p0 → p1 and any surface Σ :
γ0⇒γ1, one has
Fg ,Jθ,g ,JΥ(Σ)= (55)
=m(g (p1))
(
Gg ,J ;θ(γ1)Fθ,Υ(Σ)Gg ,J ;θ(γ0)
−1
)
.
Gauge parallel transport has as expected a categorical in-
terpretation.
Gauge parallel transport defines a pseudonatural trans-
formation G¯g ,J ;θ : F¯θ,Υ ⇒ F¯g ,Jθ,g ,JΥ of parallel transport
2–functors. If (θ,Υ) is a flat 2–connection, gauge parallel
transport defines a pseudonatural transformation G¯0g ,J ;θ :
F¯ 0θ,Υ⇒ F¯
0
g ,Jθ,g ,JΥ of flat parallel transport 2–functors.
Higher gauge theory is characterized also by gauge for
gauge symmetry.
A (G,H)–2–gauge transformation is just a mapping Ω ∈
Map(M ,H).
(G,H)–2–gauge transformations describe gauge transfor-
mations of (G,H)–1– gauge transformations depending
on an assigned (G,H)–2–connection (θ,Υ). They encode
modifications G¯g ,J ;θ ⇛ G¯Ω˜g |θ ,Ω˜ J|θ ;θ
of gauge pseudonatu-
ral transformations of parallel transport functors. The ap-
parently have no role in knot holonomy.
4 C – and S–knots
Knots are embeddings of a fixed closed model manifold
into an ambient manifoldM . Thus, knots are not simply
subsets ofM but mappings intoM . Knots differing by an
ambient isotopy are identified.
The simplest closed model manifold is the oriented
circleC .
AC–marking of C is a pointing pC ∈C of C.
A C–marking of an oriented manifold M is a pointing
pM ∈M of M.
C–knots are circles embedded inM .
A marked C–knot of M is embedding ξ :C →M of the cir-
cle C into M such that
ξ(pC )= pM . (56)
Ambient isotopy is the natural notion ofmutual deforma-
bility of marked C–knots.
Two marked C–knots ξ0,ξ1 are ambient isotopic if there
is a smooth family Fz ∈ Diff+(M ), z ∈ R, of orientation
6
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preserving diffeomorphisms such that
F0 = idM , ξ1 = F1 ◦ξ0, (57)
Fz(pM )= pM . (58)
In order to compute C–knot holonomy, we need pa-
rametrizedC–knots. This is achieved by assigning a curve
to any marked C–knot as detailed next.
A compatible curve in C is a curve γC : pC → pC in C such
that
i) IC = γC
−1(C \pC ) is an open interval inR;
ii) γC |IC : IC →C \pC is an orientation preserving diffeo-
morphism.
Example. Let C = S1 be the circle standardly embedded
inR2 through
sS1(ϑ)= (cosϑ,sinϑ), (59)
where ϑ ∈ [0,2π), with the C–marking pS1 = (1,0). A com-
patible curve γS1 :R→ S
1 is given by
γS1(x)= sS1(2πα(x)) (60)
whereα :R→ [0,1] is a function such thatdxα(x)≥ 0 and
α(x)= 0 for x < ǫ and α(x)= 1 for x > 1−ǫ.
A curve furnishing a natural parametrization of a given
markedC–knot can now be constructed.
With every marked C–knot ξ there is associated a curve
γξ : pM → pM given by
γξ = ξ◦γC . (61)
The curve γξ has a number of nice properties.
γξ is independent of the choice of the compatible curve γC
up to thin homotopy.
Note that theC–marking pC ofC is fixed here.
Ambient isotopic marked C–knots have homotopic cur-
ves
If ξ0, ξ1 are ambient isotopic marked C–knots, then γξ0 ,
γξ1 are homotopic in the sense of Section 2.
It should be possible to alter marking data changing γξ at
most by a (thin) homotopy.
TwomarkedC–knots ξ0, ξ1 with respect to two distinct C–
marking pM0, pM1 of M are freely ambient isotopic if there
is a smooth family Fz ∈ Diff+(M ), z ∈ R, of orientation
preserving diffeomorphisms such that
F0 = idM , ξ1 = F1 ◦ξ0. (62)
Again, theC–marking pC ofC is fixed.
Freely ambient isotopic marked C–knots have homo-
topic curves up to conjugation.
If ξ0, ξ1 two freely ambient isotopicmarkedC–knots, there
is a curve γ1 : pM0→ pM1 such that γξ0 , γ1
−1◦ ◦γξ1 ◦γ1 are
homotopic.
Notice that the “compose rightmost first” convention is
used here and in the following for curve composition.
The same embedding of C into M can be a marked C–
knot inmore than oneway. The corresponding curves are
related in the expectedmanner.
If the embedding ξ : C → M is a marked C–knot with re-
spect to two distinct C–markings pC0, pM0 and pC1, pM1
of C and M, there exists a curve γ1 : pM0 → pM1 in ξ(C )
such that γξ|0, γ1
−1◦ ◦γξ|1 ◦γ1 are thinly homotopic.
The results just expounded are standard. Our aim is
finding their generalization to surface knots. As we shall
see, this task is not completely straightforward. Problems
occur for higher genus knots. We shall propose a solution
in due course. To this end, we need to introduce further
notions.
To construct higher genus S–knot holonomy, it will be
necessary to cut the model manifold S along its stan-
dard a– and b–cycles. The cuts are the images of spiky
C–knots, generalized C–knots which are continuous but
not smooth at the marked point.
A spiky C–knot is an embedding ξ :C →M that obeys
ξ(pC )= pM (63)
and is smooth on C \ pC with finite derivatives and non
zero first derivatives at both ends of C \pC .
Note that spiky C–knots are marked.
With any spikyC–knot ξ, one can associate a curve γξ de-
fined in the same way as above and smooth anyway.
For every spiky marked C–knot ξ, the curve γξ is smooth.
We can now introduce S–knots. The next to simplest
closed manifold is a genus ℓS closed oriented surface S.
An S–marking of M consists of the following elements:
i) a C–marking pM of M;
ii) a set of spiky C–knots ζMi of M, i = 1, . . . ,2ℓS , such
that:
iii) the ζMi (C ) intersect only at pM ;
iv) there is an embedding Φ : S → M with the property
that Φ(pS)= pM , Φ◦ζSi = ζMi .
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Note that the notion of S–marking of S is compatiblewith
that of S–marking ofM whenM = S.
S–knots are surfaces embedded inM .
A marked S–knot of M an is embedding Ξ : S→M of the
surface S into M such that
Ξ(pS)= pM , (64)
Ξ◦ζSi = ζMi . (65)
Ambient isotopy is the natural notion ofmutual deforma-
bility also of marked S–knots.
Two marked S–knots Ξ0,Ξ1 are ambient isotopic if there
is a smooth family Fz ∈ Diff+(M ), z ∈ R, of orientation
preserving diffeomorphisms such that
F0 = idM , Ξ1 = F1 ◦Ξ0,
Fz(pM )= pM , Fz ◦ζMi = ζMi .
Analogously to C–knots, to compute S–knot holonomy
we need parametrized S–knots. This is achieved by as-
signing a surface to any marked S–knot.
The fundamental polygon of S is the boundary of the sim-
ply connected open 2–fold that results cutting S along the
standard a– and b–cycles. It plays a basic role in the sub-
sequent constructions.
View S as a C–marked manifold and let
γSi = γζSi that is αSr = γξSr , βSr = γηSr , (66)
Then the fundamental polygon of S is the curve given by
τS =βSℓS
−1◦ ◦αSℓS
−1◦ ◦βSℓS ◦αSℓS ◦ (67)
· · · ◦βS1
−1◦ ◦αS1
−1◦ ◦βS1 ◦αS1
if ℓS = 0, τS = ιpS .
As a compatible curve in C is required in order to asso-
ciate a curve to each marked C–knot, a compatible sur-
face in S is required in order to associate a surface to each
markedC–knot.
A compatible surface in S is a surface ΣS : ιpS → τS such
that
i) DS = ΣS
−1(S \∪i ζSi (C )) is an open simply connected
domain inR2;
ii) ΣS |DS :DS → S \∪i ζSi (C ) is an orientation preserving
diffeomorphism.
Example. Let S = S2 be the sphere embedded inR3 as
SS2(ϑ,ϕ)= (cosϑsinϑ(1−cosϕ), (68)
−sinϑsinϕ,1−sin2ϑ(1−cosϕ)),
where ϑ ∈ (0,π), ϕ ∈ [0,2π), with the S–marking pS2 =
(0,0,1). A compatible surface ΣS2 :R
2→ S2 is given by
ΣS2(x, y)= SS2 (πα(y),2πα(x)), (69)
where α :R→ [0,1] is a function enjoying the properties
listed below Equation (60).
The surface ΣS2 describes a parametrized family of cir-
cles on S2 which spring from the north pole on one side
of it, sweep S2 dilating, reaching the south pole and then
contracting and finally converge to the north pole on the
other side.
Example. Let S =T 2 be the torus embedded inR3 as
ST 2 (ϑ1,ϑ2)= (cosϑ1(1+ r cosϑ2), (70)
sinϑ1(1+ r cosϑ2),r sinϑ2),
where r < 1 is fixed and ϑ1,ϑ2 ∈ [0,2π), with the S–
marking pT 2 = (1+ r,0,0) and
ξT 2(ϑ)= ((1+ r )cosϑ, (1+ r )sinϑ,0),
ηT 2(ϑ)= (1+ r cosϑ,0,r sinϑ),
where ϑ ∈ [0,2π). A compatible surface ΣT 2 :R
2→ T 2 is
ΣT 2 (x, y)= ST 2 (2πc1(x, y)),2πc2(x, y)))
c1(x, y)=̺(4α(x),α(y))−̺(4α(x)−2,α(y)),
c2(x, y)=̺(4α(x)−1,α(y))−̺(4α(x)−3,α(y)),
where α : R → [0,1] is a function with the same prop-
erties as before and ̺ : R× [0,1]→ [0,1] is the function
given by
̺(s, t )= t gβ
( 1−2s
(1+ s− t )(2− s− t )
)
, (71)
where gβ(w) = 1/(exp(βw)+ 1) with β > 0 is the Fermi–
Dirac function.
Upon unfolding the torus T 2 into a square I 2 by cutting
it along the a– and b–cycle, the surface ΣT 2 describes a
parametrized family of closed curves on I 2 which spring
from one corner of the square and sweep it all eventually
approximating the square’s boundary.
A surface furnishing a natural parametrization of a given
marked S–knot can now be constructed. To this end, we
need to identify a curve inM thatmatches the fundamen-
tal polygon of S.
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View M as a C–marked manifold and let
γMi = γζMi that is αMr = γξMr , βMr = γηMr , (72)
Then, the fundamental polygon of themarking of M is the
curve
τM =βMℓS
−1◦ ◦αMℓS
−1◦ ◦βMℓS ◦αMℓS ◦ (73)
· · · ◦βM1
−1◦ ◦αM1
−1◦ ◦βM1 ◦αM1
if ℓS = 0, τM = ιpM .
A surface furnishing a natural parametrization of a given
marked S–knot can now be constructed.
With every marked S–knotΞ, there is associated a surface
ΣΞ : ιpM ⇒ τM given by
ΣΞ =Ξ◦ΣS . (74)
Note that τM =Ξ◦τS .
For a marked C–knot ξ, the source and target of the as-
sociated curve γξ : pM → pM are equal. In gauge the-
ory, this ensures nice ambient isotopy and gauge covari-
ance properties of C–knot holonomy. For a genus ℓS = 0
marked S–knotΞ, the source and target of the associated
surface ΣΞ : ιpM ⇒ ιpM are equal as well. In higher gauge
theory, this also ensures nice ambient isotopy and gauge
covariance properties of S–knot holonomy. However, for
a genus ℓS > 0 marked S–knot Ξ, the source and target
of the associated surface ΣΞ : ιpM ⇒ τM 6= ιpM are differ-
ent. This is likely to be a problem for ambient isotopy and
gauge covariance properties of holonomy.We have a pro-
posal for the solution of this difficulty.
For given ℓS and C–marking of M , pick a reference mar-
ked S–knot ∆M (e. g. Hosokawa’s and Kawauchi’s surface
unknots in S4 [35]).
The normalized surface of a marked S–knot Ξ is the sur-
face Σ♯Ξ : ιpM ⇒ ιpM given by
Σ♯Ξ =ΣM
−1• •ΣΞ, (75)
where ΣM :=Σ∆M and • denotes vertical surface composi-
tion (cf. Section 2).
An intuitive way of thinking of the normalized surface of
Ξ is as a surface characterizing the S–knot “ratio” ofΞ to
∆M , with ∆M acting as a normalizing knot.
The normalized surface of a marked S–knot has nice
properties.
Σ♯Ξ is independent from the choice of ΣS and γC up to
thin homotopy.
Note that the markings pC and (pS ,ζSi ) are fixed.
Ambient isotopic reference S–knots yield homotopic nor-
malized marked S–knot surfaces.
If the referencemarked S–knots∆M0,∆M1 are ambient iso-
topic, then for everymarked S–knotΞ the normalized sur-
faces Σ♯Ξ|0, Σ
♯
Ξ|1 are homotopic.
Ambient isotopic marked S–knots have homotopic nor-
malized surfaces.
If Ξ0, Ξ1 are ambient isotopic marked S–knots, then the
normalized surfacesΣ♯Ξ0 , Σ
♯
Ξ1 are homotopic.
As forC–knots, it should be possible to alter the marking
changing Σ♯Ξ by a (thin) homotopy.
Two marked S–knots Ξ0, Ξ1 with respect to distinct S–
markings (pM0,ζM0i ), (pM1,ζM1i ) of M are said to be
freely ambient isotopic if there is a smooth family Fz ∈
Diff+(M ), z ∈ R, of orientation preserving diffeomor-
phisms such that
F0 = idM , Ξ1 = F1 ◦Ξ0. (76)
Notice that above the S–marking (pS ,ζSi ) of S is kept
fixed.
Two pairs Ξ0, Ξ1 and Ξ0
′, Ξ1
′ of freely ambient iso-
topic marked S–knots are called concordant if there ex-
ist ambient isotopies Fz of Ξ0, Ξ1 and F
′
z of Ξ0
′, Ξ1
′ s.
t. Fz(pM0)= F
′
z (pM0), Fz ◦ζM0i = F
′
z ◦ζM0i .
Freely ambient isotopicmarked S–knots have homotopic
normalized surfaces up to conjugation under concor-
dance with reference knots.
Suppose the referencemarked S–knots∆M0,∆M1 are freely
ambient isotopic. If the marked S–knots Ξ0, Ξ1 are freely
ambient isotopic concordantly with ∆M0, ∆M1, then there
is curve a γ1 : pM0→ pM1 such thatΣ
♯
Ξ0|0, Iγ1
−1◦ ◦Σ♯Ξ1|1◦
Iγ1 are homotopic.
Before stating the next result, we recall the following
property. For two S–markings (pS0,ζS0i ), (pS1,ζS1i ) of S,
there is an orientation preserving ambient isotopy kz of
S such that k1(pS0)= pS1, k1 ◦ζS0i = ζS1i .
If the embeddings ∆M ,Ξ : S → M are simultaneously
the reference and considered marked S–knot with respect
to two distinct S–markings (pS0,ζS0i ), (pM0,ζM0i ) and
(pS1,ζS1i ), (pM1,ζM1i ) of S andM and there is an ambient
isotopy kz of S shifting {pS0,ζS0i } to {pS1,ζS1i } such that
Ξ◦kz (pS0)=∆M ◦kz (pS0) andΞ◦kz ◦ζS0i =∆M ◦kz ◦ζS0i ,
then there is a curve γ1 : pM0 → pM1 lying in the image
Ξ(S) such that Σ♯Ξ|0, Iγ1
−1◦ ◦Σ♯Ξ|1 ◦ Iγ1 are thinly homo-
topic.
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Relying on the above results, we can now tackle the
task of constructing higher knot holonomy.
5 C – and S–knot holonomy
Our aim is constructing holonomy invariants of knots up
to conjugation.We beginwith reviewing how this is done
forC–knots
We let G be a Lie group and θ be a flat G–connection on
M . Further, we fix C–markings pC and pM of C and M ,
respectively.
The holonomy of a marked C–knot is built out of the
curve associated to the knot.
The holonomy of amarkedC–knot ξ is the element Fθ(ξ) ∈
G given by
Fθ(ξ)= Fθ(γξ), (77)
where γξ : pM → pM curve of ξ (cf. Section 4) and Fθ is the
parallel transport functor (cf. Section 3).
C–knot holonomy is independent from the choice of
parametrization.
For any marked C–knot ξ, Fθ(ξ) is independent of the
choice of the compatible curve γC of C.
C–knot holonomy is further invariant under ambient iso-
topy.
If ξ0, ξ1 are ambient isotopic marked C–knots of M, then
Fθ(ξ1)= Fθ(ξ0). (78)
This property generalizes as follows. Fix the C–marking
pC of C but allow two distinct C–markings pM0, pM1 of
M .
If ξ0, ξ1 are freely ambient isotopic marked C–knots, then
there exists a curve γ1 : pM0→ pM1 of M such that
Fθ(ξ1)= Fθ(γ1)Fθ(ξ0)Fθ(γ1)
−1.
C–knot holonomy is independent of the way a given C–
knot is marked up to conjugation.
If ξ is a marked C–knot with respect to two distinct C–
markings pC0, pM0 and pC1, pM1 of C and M, then there
is a curve γ1 : pM0→ pM1 lying in ξ(C ) such that
Fθ|1(ξ)= Fθ(γ1)Fθ|0(ξ)Fθ(γ1)
−1.
C–knot holonomy is also gauge covariant as desired.
Let ξ be a marked C–knot of M. Then, for any G–gauge
transformation g , one has
Fgθ(ξ)= g (pM )Fθ(ξ)g (pM )
−1.
In summary, C–knot holonomy is C–marking and gauge
independent and isotopy invariant up toG–conjugation.
Next, using the treatment of C–knot holonomy pre-
sented above as a model, we illustrate the construction
of S–knot holonomy.
We let (G,H) be a Lie crossed module and (θ,Υ) be a
flat (G,H)–2–connection pair on M . Furthermore, we fix
S-markings (pS ,ζSi ) and (pM ,ζSMi ) of S and M , respec-
tively.
The holonomy of a marked S–knotΞ is the element Fθ(Ξ)
∈H given by
Fθ,Υ(Ξ)= Fθ,Υ(Σ
♯
Ξ)= Fθ,Υ(ΣM )
−1Fθ,Υ(ΣΞ), (79)
where Σ♯Ξ : ιpM ⇒ ιpM is the normalized surface of Ξ and
Fθ,Υ is the parallel transport 2–functor.
The fact that Σ♯Ξ : ιpM ⇒ ιpM has the following crucial
consequence.
For a marked S–knotΞ,
t (Fθ,Υ(Ξ))= 1G . (80)
Thus, Fθ,Υ(Ξ)= 1H unless ker t 6= {1H }. Further, Fθ,Υ(Ξ) ∈
ZH .
Thus, unlike C–knot holonomy, S–knot holonomy is fun-
damentally Abelian and non trivial only for crossed mod-
ules whose target map has non trivial kernel.
S–knot holonomy is independent from the choice of
parametrization.
For every marked S–knot Ξ, Fθ,Υ(Ξ) is independent from
the choice of the compatible surface ΣS of S and curve γC
of C.
S–knot holonomy is invariant under a change of the ref-
erence marked S–knots in the following sense.
If the referencemarked S–knots∆M0,∆M1 are ambient iso-
topic, then for any marked S–knotΞ
Fθ,Υ|0(Ξ)= Fθ,Υ|1(Ξ). (81)
S–knot holonomy is further invariant under ambient iso-
topy.
IfΞ0,Ξ1 are ambient isotopic marked S–knots, then
Fθ,Υ(Ξ1)= Fθ,Υ(Ξ0). (82)
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This property generalizes as follows. Fix the S-markings
(pS ,ζSi ) of S but allow distinct S–marking (pM0,ζM0i ),
(pM1,ζM1i ) ofM .
Suppose ∆M0, ∆M1 are freely ambient isotopic reference
marked S–knots. If the marked S–knots Ξ0, Ξ1 are freely
ambient isotopic concordantly with ∆M0, ∆M1, then there
is a curve γ1 : pM0→ pM1 such that
Fθ,Υ|1(Ξ1)=m(Fθ(γ1))(Fθ,Υ|0(Ξ0)). (83)
S–knot holonomy is independent of the way a given knot
S–knot is marked up to conjugation.
If the embeddings ∆M ,Ξ : S → M are simultaneously
the reference and considered marked S–knot with respect
to two distinct S–markings (pS0,ζS0i ), (pM0,ζM0i ) and
(pS1,ζS1i ), (pM1,ζM1i ) of S andM and there is an ambient
isotopy kz of S shifting {pS0,ζS0i } to {pS1,ζS1i } such that
Ξ◦kz (pS0)=∆M ◦kz (pS0) andΞ◦kz ◦ζS0i =∆M ◦kz ◦ζS0i ,
then there is a curve γ1 : pM0 → pM1 lying in the image
Ξ(S) such that
Fθ,Υ|1(Ξ)=m(Fθ(γ1))(Fθ,Υ|0(Ξ)). (84)
In this higher gauge theoretic set–up, one can define also
C–knot holonomy in the same way as before.
The holonomy of amarkedC–knot ξ is the element Fθ(ξ) ∈
G given by
Fθ(ξ)= Fθ(γξ) (85)
is defined.
This C–knot holonomy has however weaker properties
than in ordinary gauge theory.
C–knot holonomy is still independent of the choice of
parametrization.
For any marked C–knot ξ, Fθ(ξ) is independent of the
choice of the compatible curve γC of C.
Since, however, θ is not flat unless t˙(Υ) = 0, Fθ(ξ) is not
ambient isotopy invariant.
If ξ0, ξ1 are two ambient isotopic marked C–knots of M,
then there is a surfaceΣ :γξ0 ⇒ γξ1 of M such that
Fθ(ξ1)= t (Fθ,Υ(Σ))Fθ(ξ0). (86)
This property generalizes as follows. Fix the C–marking
pC of C but allow two distinct C–markings pM0, pM1 of
M .
If ξ0, ξ1 are freely ambient isotopic marked C–knots, then
there exist a curve γ1 : pM0→ pM1 and a surface Σ : γξ0 ⇒
γ1
−1◦ ◦γξ1 ◦γ1 of M such that
Fθ(ξ1)= Fθ(γ1)t (Fθ,Υ(Σ))Fθ(ξ0)Fθ(γ1)
−1. (87)
C–knot holonomy is again independent of the way a
givenC–knot is marked up to conjugation.
If ξ is a marked C–knot with respect to two distinct C–
markings pC0, pM0 and pC1, pM1 of C and M, then there
is γ1 : pM0→ pM1 curve in ξ(C ) such that
Fθ|1(ξ)= Fθ(γ1)Fθ|0(ξ)Fθ(γ1)
−1. (88)
Also in higher gauge theory, S– and C–knot holonomy is
gauge covariant in the appropriate sense.
LetΞ be amarked S–knot and ξ amarkedC–knot. If (g , J)
is a (G,H)–1–gauge transformation, then
Fg ,Jθ,g ,JΥ(Ξ)=m(g (pM ))(Fθ,Υ(Ξ)) (89)
and
Fg ,Jθ(ξ)= g (pM )t (Gg ,J ;θ(γξ))Fθ(γ)g (pM )
−1, (90)
where Gg ,J ;θ(γξ) is the gauge parallel transport along γξ
defined in Section 3.
To summarize, C– and S–knot holonomy are C–mar-
king and gauge independent and isotopy invariant up to
the appropriate form of crossedmodule conjugation.We
shall analyze this point in greater depth in the next sec-
tion.
6 Invariant traces
Having applications to knot topology in mind, we aim
at a construction of holonomy invariants. This requires
working out invariant traces.
We let G again be a Lie group and θ be a flat G–connec-
tion on M . Further, we let C–markings pC and pM of C
andM , respectively, be given.
We have seen in Section 5 that for a C–knot ξ, its holon-
omy Fθ(ξ) isC–marking and isotopy invariant and gauge
independent up toG–conjugation, that is
Fθ(ξ)≡ aFθ(ξ)a
−1 (91)
for a ∈G.
There is a well established way of extracting C–knot in-
variants from knot holonomy.
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TheWilson line
WR,θ(ξ)= trR (Fθ(ξ)), (92)
with R a representation of G provides a C–knot invariant.
Next, taking the procedure just reviewed to construct
C–knot holonomy invariants as a model, we propose a
systematic way to build S–knot holonomy invariants.
We let (G,H) be a Lie crossed module and (θ,Υ) be a
flat (G,H)–2–connection pair on M . Furthermore, we let
S-markings (pS ,ζSi ) and (pM ,ζSMi ) of S and M , respec-
tively, be given.
In Section 5, we have also seen that for a C–knot ξ and
an S–knot Ξ, the holonomy Fθ(ξ) and Fθ,Υ(Ξ) is C– and
S–marking and isotopy invariant and gauge independent
up to (G,H)–conjugation
Fθ(ξ)≡ aFθ(ξ)a
−1t (A), (93)
Fθ,Υ(Ξ)≡m(a)(Fθ,Υ(Ξ)) (94)
with (a,A) ∈G×H . (G,H)–conjugation is defined by
u′ = aua−1t (A), U ′ =m(a)(U ) (95)
with (u,U ), (u′,U ′), (a,A) ∈ G ×H and is an equivalence
relation.
To obtain knot invariants, one needs traces invariant un-
der (G,H)–conjugation. To this end, one could proceed
as follows.
Assume G, H are compact with bi-invariant Haar mea-
sures µG , µH . Pick representations R , S ofG, H . Set
trR,S|b(u)=
∫
H
dµH (X ) trR (ut (X )), (96)
trR,S| f (U )=
∫
G
dµG (x) trS(m(x)(U )), (97)
(u,U )∈G×H .
The traces trR,S|b , trR,S| f (U ) are invariant under (G,H)
conjugation,
trR,S|b(aua
−1t (A))= trR,S|b(u), (98)
trR,S| f (m(a)(U ))= trR,S| f (U ) (99)
for (u,U ), (a,A)∈G×H .
These invariant traces can be used to extract C– and S–
knot invariants from knot holonomy as in the ordinary
case.
TheWilson line and surface
WR,S,θ|b(ξ)= trR,S|b(Fθ(ξ)), (100)
WR,S,θ,Υ| f (Ξ)= trR,S| f (Fθ,Υ(Ξ)). (101)
provide a C– and S–knot invariant.
There is a problem with this way of proceeding. The
traces may be trivial. For instance, if t (H) = G, trR,Sb(u)
does not depend on u and trR,S f (U )= trS(U ) forU ∈ ker t
(the case of interest for surface knots).
In ordinary gauge theory with gauge groupG, a trace is a
map tr :G→C invariant under the action
a⊲u := aua−1 (102)
with a,u ∈G, that is
tr(a⊲u)= tr(u). (103)
If G is a compact Lie group, then tr reduces to a linear
combination of ordinary traces trR associated with the ir-
reducible representations R ofG.
What matters is not the group structure of G but its con-
jugation structure codified in the conjugation pointed
quandle ofG.
A pointed quandle is a set G with a binary operation ⊲ :
G×G→G and a distinguished element 1G ∈G such that
a⊲a = a, (104)
a⊲ (b⊲c)= (a⊲b)⊲ (a⊲c) (105)
with a,b,c ∈G. Further, themap a⊲ · :G→G is invertible
for any a ∈G and
a⊲1G = 1G , 1G⊲a = a (106)
for a ∈G.
In higher gauge theory with gauge crossed module
(G,H), a similar point of view is appropriate. A trace pair
is a pair of maps trb :G→C, tr f :H→C invariant under
the action
a⊲u := aua−1 , (107)
A≻u :=ut (A) , (108)
a⊲U :=m(a)(U ) (109)
with a,u ∈G, A,U ∈H , that is
trb(a⊲u)= trb(u), (110)
trb(A≻u)= trb(u), (111)
tr f (a⊲U )= tr f (U ). (112)
What matters is not (G,H) itself but its conjugation aug-
mented pointed quandle crossed module (G,H) [30, 31,
13]:
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An augmented pointed quandle crossed module is a pair
of sets G, H endowedwith three operations ⊲ :G×G→G,
H×H→H,G×H→H anddistinguished elements 1G ∈G,
1H ∈H such that
i) G is a pointed quandle,
ii) H is a pointed quandle
and the following requirements are satisfied.
The relations
a⊲ (b⊲A)= (a⊲b)⊲(a⊲A), (113)
a⊲ (A⊲B)= (a⊲A)⊲ (a⊲B) (114)
with a,b ∈G, A,B ∈H hold.
For any a ∈G, the map a⊲ · :H→H is invertible.
For a ∈G, A ∈H, the relations
1G⊲A = A, (115)
a⊲1H = 1H (116)
are fulfilled.
Further, a quandle morphism α : H → G (a map respect-
ing ⊲ and 1) is given such that
α(a⊲A)= a⊲α(A) , (117)
α(A)⊲B = A⊲B (118)
with a ∈G, A,B ∈H.
Finally, an augmentationmap ≻ :H×G→G is givenwith
the following properties.
For a,b ∈G, A ∈H,
a⊲ (A≻b)= (a⊲A)≻ (a⊲b) . (119)
For A ∈H, A≻· :G→G is invertible.
For a ∈G, A ∈H
A≻1G =α(A), (120)
1H ≻a = a. (121)
Notice that α is the quandle crossed module analog of
the group crossed module target morphisms. In particu-
lar (118) is the quandle counterpart of the Peiffer identity.
The following question is still open. If G, H are compact,
does a trace pair trb , tr f reduce to linear combinations of
traces trR,S|b , trR,S| f of the form (96), (97) with R , S irre-
ducible representations ofG, H , respectively?
7 Higher Chern–Simons theory
To compute knot invariants in quantum field theory, one
needs Chern–Simons theory. This has been known for a
long time since Witten’s 1988 paper [7].
Chern–Simons theory is a Schwarz type topological gau-
ge theory on a closed 3-dimensional manifold M3. Sup-
pose that G is the gauge group and g is its Lie algebra.
Suppose further that g is equipped with a properly nor-
malized invariant non singular bilinear form (·, ·) : g×g→
g so that
([z,x], y)+x, [z, y])= 0 (122)
with x, y,z ∈ g.
The Chern–Simons action is given by
CS(θ)=
k
4π
∫
M3
(
θ,dθ+
1
3
[θ,θ]
)
(123)
with θ aG–connection. The coefficient k is called level.
The Chern–Simons field equations are equivalent to the
flatness condition of θ (cf. Equation (20)):
dθ+
1
2
[θ,θ]= 0. (124)
The Chern–Simons action is invariant under a G–gauge
transformations g only modulo 2πZ:
CS(gθ)=CS(θ)−2πk ·wn(g ), (125)
wherewn(g ) is the winding number of g .
Quantum gauge invariance holds if the level k is integer.
Chern–Simons correlators of Wilson loop WR,θ(ξ) yield
knot invariants, for instance:
G = SU(2), R = F ⇒ Jones polynomial;
G = SU(n), R = F ⇒HOMFLY polynomial;
G = SO(n), R = F ⇒ Kauffman polynomial...
In the Chern–Simons path integral, θ is not flat and con-
sequentlyWR,θ(ξ) is not ambient isotopy invariant. How-
ever, the theory somehow localizes on the moduli space
of flat connections even though it is not a cohomological
topological field theory. This has been proven by Beasley
and Witten for M3 Seifert, e. g. S
1×S2, S3, . . . . Therefore,
Chern–Simons Wilson loop correlators WR,θ(ξ) furnish
genuine knot invariants.
In order to compute surface knots invariants in quan-
tum field theory, one needs a higher version of Chern–
Simons theory, 2-Chern–Simons theory. We have a pro-
posal for such amodel. There are however unsolvedprob-
lems to be discussed below.
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2–Chern–Simons theory is a Schwarz type topological
gauge theory on a closed 4-dimensionalmanifoldM4. As-
sume that H −→t G −→m Aut(H) is the gauge Lie crossed
module and that h −→t˙ g −→̂m der(h) is its differential Lie
crossed module. Assume further (g,h) is equippedwith a
properly normalized invariant non singular bilinear pair-
ing (·, ·) : g×h→R such that
(t˙(X ),Y )− (t˙(Y ),X )= 0,
([y,x],X )+ (x,m̂(y)(X ))= 0
with x, y ∈ g, X ,Y ∈ h. Note that this requires that the
crossed module is balanced, that is dimg= dimh.
The 2–Chern–Simons action is given by
CS2(θ,Υ)=κ2
∫
M4
(
dθ+
1
2
[θ,θ]−
1
2
t˙(Υ),Υ
)
, (126)
with (θ,Υ) a (G,H) 2–preconnection [34,33]. κ2 is a coeffi-
cient analog to level.
A (G,H) 2–preconnection is just a pair (θ,Υ) ∈Ω1(M4,g)×
Ω2(M4,h). (θ,Υ) a (G,H)–2–connection if in addition it
satisfies the vanishing fake curvature condition (29).
The 2–Chern–Simons field equations are equivalent to
(θ,Υ) being a flat (G,H)–2–connection (cf. Equation (29)),
(30)):
dθ+
1
2
[θ,θ]− t˙(Υ)= 0, (127)
dΥ+m̂(θ,Υ)= 0. (128)
Thus, at once, (θ,Υ) satisfies the vanishing fake curvature
condition, whichmakes it a genuine (G,H)–2–connection,
and the vanishing curvature condition, which character-
izes as a flat one.
This is quite nice, but it signals a potential problem
for the construction of 2–Chern–Simons theory as a full
quantum field theory. Since (θ,Υ) does not obey the zero
fake curvature condition in the 2–Chern–Simons path in-
tegral, the insertion ofWilson surfacesWR,S,θ,Υ(Ξ) of sur-
face knots Ξ in the path integral is problematic, as the
definition of theWR,S,θ,Υ(Ξ) requires that condition in a
basic way.
Another unexpected feature of the model concerns 1–
gauge invariance.
The 2-Chern–Simons action is invariant under (G,H)–1–
gauge transformation (g , J),
CS2(
g ,Jθ, g ,JθΥ)=CS2(θ,Υ). (129)
In 2–Chern–Simons theory, there is no shift by some kind
of higher winding number such to cause level quantiza-
tion as in the ordinary Chern–Simons model. This sur-
prising and somewhat disappointing finding can be ex-
plained by hypothesising that either all (G,H)–1–gauge
transformations (g , J) are small unlike ordinary gauge
transformation or that we are missing all the topologi-
cally non trivial (G,H)–1–gauge transformations. This is
still an open problem.
In spite of these open issues, the possibility of obtaining
surface knot invariants as correlators of Wilson surface
insertion in 2–Chern–Simons theory remains an intrigu-
ing possibility. Here are further reasons for this.
Studying pull–backs of knots may be interesting.
All orientation preserving diffeomorphisms f ∈ Diff+(C )
of the circle C are homotopic to idC . Consequently, for a
C–knot ξ, the curves γξ, γ f ∗ξ are thinly homotopic and
theC–knots ξ and f ∗ξ have the same holonomy.
Conversely, for a higher genus surface S, not all orienta-
tion preserving diffeomorphisms f ∈Diff+(S) of S are ho-
motopic to idS . Consequently, for a S–knotΞ, the normal-
ized surfaces Σ♯Ξ, Σ
♯
f ∗Ξ are not thinly homotopic and
the S–knots Ξ and f ∗Ξ do not have the same holonomy
in general
This suggests that S–knot invariants computed using
higher gauge theory may have interesting covariance
properties under the mapping class group
MCG+(S)=Diff+(S)/Diff0(S), (130)
about which there exists a well–developedmathematical
theory.
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